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Abstract  In typical array processing problems, the signal observation is a 
function of the parameter set to be estimated as well as some background 
system model assumed known. The modeled background could differ from the 
true one, leading to biased estimates even at high signal-to-noise ratio (SNR). 
To analyze this system model mismatch problem, a Ziv-Zakai-type lower bound 
on the mean-square error is developed based on the mismatched likelihood ratio 
test (MLRT). At high SNR, the bound incorporates the increase in mean-square 
error due to estimation bias; at low SNR, it includes the threshold effect due to 
estimation ambiguity. The kernel of the bound’s evaluation is the error probability 
associated with the MLRT. A closed-form expression for this error probability 
is derived under a data model typical of the array problem assuming random 
signal embedded in random noise, both of which can be spatially correlated 
and potentially mismatched. The development is applied to plane-wave bearing 
estimation with array shape mismatch and matched-field source localization with 
channel parameter mismatch. Examples demonstrate that the developed bound 
describes the simulations of the maximum likelihood estimate well, including the 
sidelobe-introduced threshold behavior and the bias at high SNR.

[1] Y. Rockah and P.M. Schultheiss, "Array Shape Calibration Using Sources in Unknown 
Locations—Part I: Far-field Sources," IEEE Trans. Acoustics, Speech, and Signal 
Processing, Vol. 35, pp. 286–299, Mar. 1987.
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General Parameter Estimation System ModelGeneral Parameter Estimation System Model

p(p(rr((θθ,,BB); ); MM((θθ,,BB)) )) -- system probability modelsystem probability model
rr((··): random observation vector): random observation vector

θθ: source/channel/system parameter vector to be estimated: source/channel/system parameter vector to be estimated
BB: any other background source/system/channel parameter vector, : any other background source/system/channel parameter vector, 
not included in not included in θθ, but embedded in , but embedded in rr

MM((··): collection of constant scalars, vectors, or matrices, directl): collection of constant scalars, vectors, or matrices, directly y 
defining the pdf, constructed from the moments, e.g., the mean defining the pdf, constructed from the moments, e.g., the mean 
and covariance matrixand covariance matrix

In reality In reality -- p(p(rr((θθ,,BB00); ); MM((θθ,,BBmm))))
BB00: true background set: true background set
BBmm: modeled background set: modeled background set

System model mismatch: BSystem model mismatch: Bm m ≠≠ BB00

Signal/Noise
Source

Signal/Noise 
Observation

Propagation Channel Observation
System



Example Scenarios with System Model Example Scenarios with System Model 
MismatchMismatch

Source

Environmental model mismatch in 
matched-field source localization

Sensor array perturbation in plane-wave 
source bearing estimation

Actual 
array 
position

Assumed 
array 
position

Plane-
wave 
signal 
arrival

Φ

ΦT0

Φtm=0

SWellEX, Booth, et al., JOE, 1996



Typical Performance Behavior in Bearing Typical Performance Behavior in Bearing 
Estimation/Passive Source LocalizationEstimation/Passive Source Localization

Without system model mismatchWithout system model mismatch
High SNR: small meanHigh SNR: small mean--square square 
error due to mainlobe peak error due to mainlobe peak 
distortiondistortion
Intermediate SNR: significantly Intermediate SNR: significantly 
increased error due to ambiguity increased error due to ambiguity 
sidelobessidelobes
Low SNR: dominated by noise, Low SNR: dominated by noise, 
subject to the subject to the a prioria priori parameter parameter 
distributiondistribution
Performance analysis toolPerformance analysis tool

CramerCramer--Rao boundRao bound
ZivZiv--Zakai boundZakai bound

With system model mismatchWith system model mismatch
High SNR: increased error due to High SNR: increased error due to 
mismatchmismatch--introduced biasintroduced bias
Performance analysis toolPerformance analysis tool

Pseudo CramerPseudo Cramer--Rao boundRao bound
Modified ZivModified Ziv--Zakai boundZakai bound

SNR2 SNR1 (dB)

M
ea

n-
sq

ua
re

 e
rr

or
 (

dB
)

Mainlobe 
region

Sidelobe 
region

Noise 
region

Mismatch 
introduced 

bias

(re Bayesian Maximum Likelihood Estimate)(re Bayesian Maximum Likelihood Estimate)



ZivZiv--Zakai bound (ZZB) is derived based on the Zakai bound (ZZB) is derived based on the 
probability of deciding correctly between two probability of deciding correctly between two 
hypotheses corresponding to two parameter values:hypotheses corresponding to two parameter values:

HH00:   :   rrll(f(fmm) ~ ) ~ NN((00, , KKrr(f(fmm,,θθ))))
HH11:   :   rrll(f(fmm) ~ ) ~ NN((00, , KKrr(f(fmm,,θθ++δδ))))

rrll: l: l--th snapshotth snapshot
ffmm: m: m--th frequency th frequency 
componentcomponent
NN(): Gaussian distribution(): Gaussian distribution
KKrr: Covariance matrix: Covariance matrix
δδ : parameter : parameter 
perturbationperturbationScalar parameter boundScalar parameter bound

εε22 ≥≥ ∫∫00
∞∞δ·δ·((∫∫minmin[p([p(θθ),p(),p(θθ++δδ)])]··PPee((θθ, , θθ++δδ)d)dθθ))··ddδδ

εε22: mean: mean--square errorsquare error
p(p(θθ): prior parameter distribution pdf): prior parameter distribution pdf
PPee((θθ, , θθ++δδ): minimum achievable probability of error associated with the ): minimum achievable probability of error associated with the 
likelihood ratio test (LRT)likelihood ratio test (LRT)

Random Gaussian signal embedded in spatiallyRandom Gaussian signal embedded in spatially--white Gaussian noisewhite Gaussian noise

LRT = LRT = ∑∑m=1m=1
MM ∑∑l=1l=1

LL ||rrll
††(f(fmm))gg(f(fmm,,θθ))||22 -- ∑∑m=1m=1

MM ∑∑l=1l=1
LL ||rrll

††(f(fmm))gg(f(fmm,,θθ++δδ))||22

gg(f(fmm,,θθ)): channel transfer function (Green: channel transfer function (Green’’s function)s function)



A modified ZivA modified Ziv--Zakai bound has been Zakai bound has been 
developed for performance analysis under developed for performance analysis under 
system model mismatchsystem model mismatch

Mismatched likelihood ratio test (MLRT)Mismatched likelihood ratio test (MLRT)

∑∑m=1m=1
MM ∑∑l=1l=1

LL ||rrll
††(f(fmm, , BB00))gg(f(fmm,,θθ, , BBmm)|)|22 -- ∑∑m=1m=1

MM ∑∑l=1l=1
LL ||rrll

††(f(fmm, , BB00))gg(f(fmm,,θθ++δδ, , BBmm)|)|22

The modified ZZB is given byThe modified ZZB is given by

εε22 ≥≥ ∫∫00
∞∞δ·δ·((∫∫minmin[p([p(θθ),p(),p(θθ++δδ)])]··PPee--mismis((θθ, , θθ++δδ)d)dθθ))··ddδδ

PPee--mismis((θθ, , θθ++δδ): minimum achievable probability of error associated with the ): minimum achievable probability of error associated with the 
MLRTMLRT
SquareSquare--root at high SNR defines an upper bound for estimation biasroot at high SNR defines an upper bound for estimation bias

A closedA closed--form expression of form expression of PPee--mismis((θθ, , θθ++δδ) ha) has been derived for a s been derived for a 
general class of data modelgeneral class of data model

MultipleMultiple--frequency, multiplefrequency, multiple--snapshotsnapshot
Both signal and noise can be spatially correlatedBoth signal and noise can be spatially correlated
Both signal and noise can be potentially mismatchedBoth signal and noise can be potentially mismatched



Bearing estimation meanBearing estimation mean--square errorsquare error

Input Sensor-Averaged SNR (dB)
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Ambiguity function in bearing estimationAmbiguity function in bearing estimation
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MatchedMatched--field methods achieve performance field methods achieve performance 
improvement over the planeimprovement over the plane--wave approach by wave approach by 
exploiting full field signal propagation, henceforth exploiting full field signal propagation, henceforth 
more sensitive to environmental mismatchmore sensitive to environmental mismatch
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Source range estimation with mismatched Source range estimation with mismatched 
sediment wavesediment wave--speedsspeeds

Source range: 3500 
– 4750 m
Source depth: 60 m
Sediment top waveSediment top wave--
speed: 1550 m/s speed: 1550 m/s 
(true); 1572 m/s (true); 1572 m/s 
(modeled)(modeled)
Sediment bottom Sediment bottom 
wavewave--speed: 1625 speed: 1625 
m/s (true); 1593 m/s (true); 1593 
m/s (modeled)m/s (modeled)

Above SNR = 5 dB, Above SNR = 5 dB, 
MLE bias = 5.7 mMLE bias = 5.7 m
At SNR = 15 dB, At SNR = 15 dB, 
bias predicted by bias predicted by 
ZZB = 6.4 mZZB = 6.4 m
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Source range estimation with mismatched Source range estimation with mismatched 
sediment wavesediment wave--speeds (continued)speeds (continued)

Source range: Source range: 
3500 3500 –– 4750 m4750 m
Source depth: Source depth: 
60 m60 m
Sediment top waveSediment top wave--
speed (m/s) speed (m/s) ––
Modeled: 1572 Modeled: 1572 
True: (top to bottom)True: (top to bottom)
1497;1497;
1512;1512;
1526;1526;
1541;1541;
1556;1556;
1564;1564;
15721572
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Source range estimation with 1% mismatch Source range estimation with 1% mismatch 
at individual bottom parametersat individual bottom parameters
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S2: Sediment 2S2: Sediment 2
BM: BasementBM: BasementZiv-Zakai bound

No mismatch

AllAll
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Example SWellEXExample SWellEX--3 experimental data 3 experimental data 
processingprocessing

Averaged offset: ~ 80 mAveraged offset: ~ 80 m

DGPS accuracy: DGPS accuracy: ±± 5 m5 m
Offset from the GPS station to Offset from the GPS station to 
the towed source: ~ tens of the towed source: ~ tens of 
metersmeters
Offset from the GPS station to Offset from the GPS station to 
the receiver array: smallthe receiver array: small
Source moving: 6 seconds => Source moving: 6 seconds => 
~ 17 m~ 17 m
Output correlation shows Output correlation shows 
about one dB mismatch loss about one dB mismatch loss 
(Booth, (Booth, et alet al., JOE, 1996);., JOE, 1996);

Given one dB correlation peak Given one dB correlation peak 
degradation, the modified ZZB degradation, the modified ZZB 
predicts a bias of ~ 40 mpredicts a bias of ~ 40 m

Data provided by Phil Schey of Data provided by Phil Schey of 
NAVY SPAWARNAVY SPAWAR
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A ZivA Ziv--Zakai type lower bound has been developed Zakai type lower bound has been developed 
to analyze array processing performance under to analyze array processing performance under 
system model mismatchsystem model mismatch

Incorporate the increase in meanIncorporate the increase in mean--square error due to estimation bias at square error due to estimation bias at 
high SNRhigh SNR
Include the threshold effect due to estimation ambiguity at low Include the threshold effect due to estimation ambiguity at low SNRSNR
Work for both spatiallyWork for both spatially--white and correlated noise fieldwhite and correlated noise field
Account for mismatch in both signal and noise propagationAccount for mismatch in both signal and noise propagation
Generalization available to vector parameter estimation and stocGeneralization available to vector parameter estimation and stochastic hastic 
mismatchmismatch

Further issuesFurther issues
Simulate spatiallySimulate spatially--correlated noise applicationcorrelated noise application
Investigate how the mismatch affects the threshold SNRInvestigate how the mismatch affects the threshold SNR

Further referenceFurther reference
W. Xu, A. B. Baggeroer, and K. L. Bell, W. Xu, A. B. Baggeroer, and K. L. Bell, ““A bound on meanA bound on mean--square square 
estimation error with background parameter mismatch,estimation error with background parameter mismatch,”” to appear in to appear in IEEE IEEE 
Trans. Information TheoryTrans. Information Theory, April, 2004, April, 2004
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